JOURNAL OF APPROXIMATION THEORY 15, 294-325 (1975)

Local Spline Approximation Methods*
Tom LycHE
Department of Mathematics, University of Oslo, Oslo (3), Norway
AND

LARRY L. SCHUMAKER

Department of Mathematics, University of Texas, Austin, Texas 78712, and Mathematics
Research Center, University of Wisconsin, Madison, Wisconsin 53706

Communicated by Richard S. Varga

1. INTRODUCTION

The purpose of this paper is to construct some explicit polynomial spline
approximation operators for real-valued functions defined on intervals or
on reasonable sets in higher dimensions. Specifically, we consider operators
of the form Qf = Y A, fN,, where {N,} is a sequence of B-splines and {A;}
is a sequence of linear functionals chosen so that

(i) Qf can be applied to a wide class of functions, including, for
example, continuous or integrable functions;

(i) Q is local in the sense that Qf(x) depends only on values of
fin a small neighborhood of x;

(ili) Qf approximates smooth functions f with an order of accuracy
comparable to best spline approximation.

Such approximation schemes have several important advantages over
spline interpolation. They can be constructed directly without matrix
inversion, local error bounds are obtained naturally, and for lower derivatives
the error bounds can be made independent of any mesh ratios.

Since the key to obtaining operators Q with property (iii} is to require
Q to reproduce appropriate classes of polynomials, we begin by examining
(in Section 3) when this is possible. This leads to a scheme for constructing
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A; as linear combinations of prescribed {A;};_, to produce Q reproducing
polynomials of degree / — 1. We then find explicit representations for the
coefficients and use them to obtain error bounds.

We illustrate our construction with two explicit classes of B-spline
approximation methods; the first based on A;; which involve point evaluation
of f (and/or its derivatives), and the second based on A;; involving integrals
of f against appropriate polynomials. The first class includes the variation-
diminishing method of Schoenberg and Marsden (see [12]), the projectors
of de Boor [4], and the quasi-interpolant of de Boor and Fix [6]. (The latter
in turn was shown in [6] to include the “approximation by moments” method
of Birkhoff [2]; see also de Boor [3]). Other direct spline approximation
methods have been considered by Babuska [1], Fix, Nassif, and Strang
I8, 15], Jerome [10], and Schultz [13]. Our discussion owes much to the
paper of de Boor and Fix [6]. However, in comparison with their quasi-
interpolant, our method based on point evaluations has the advantages
that it can be constructed without using derivatives while producing the
same error bounds as their quasi-interpolant, and with the same mesh-
independence for the lower derivatives, (cf. the open question in [6, p. 36]).

In Section 7 we consider when our local approximation schemes become
projectors, and in Sections 8-10 we study a multidimensional scheme based
on point-evaluation functionals. This method can be applied to functions
defined on nonrectangular regions 2 (without extending the function),
and the corresponding error bounds hold throughout £.

2. SPLINES AND B-SPLINES

In this section we introduce a class of polynomial spline functions defined
on an interval [a, ] and give a basis of B-splines for it.

Let a =y, <y, < - <y,=0b and a corresponding sequence of
positive integers {d,}7~* be given. We write = for the nondecreasing sequence
{x;}d obtained from {y,}7 by repeating y; exactly d; times (thus N =
21;-11 d; -+ 1). If k is an integer with k > d,, i = 1,2,...,n — 1, we define

Sw=1g:8 l;000) € P » i=01,..,n—1and
g(j)(yi+) = g(j)(yi'—)’ ] = 05 ls"w k — d:i - Ia i= ls 29"'5 n— 1},
where 2, is the set of polynomials of degree less than k. This is the familiar

class of polynomial splines of order k (degree k — 1) with knots (of multi-
plicity d;) at the points y,, i = 1,2,....,n — 1.
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To define a basis for % ,, let 7 = {x;}5 be extended to a nondecreasing
sequence 7, = {x,}7 "t with x; < x;,5,, i = 1 — k,..., N — 1. With

Git; x) = (1 — )5
we define
Niw(x) = (Xpare — X)X 5oy Xiiaed Gi(05 X), (2.1)

i=1—k,., N — 1, where the symbol [x;,..., x;.;] denotes the kth-order
divided-difference functional. The N, are, apart from a constant factor,
the B-splines of Curry and Schoenberg [7]. In the following lemma we
summarize, for ready reference, several of their properties.

LemMMA 2.1. The N, defined in (2.1) satisfy

(2.2) 0 < N;{x) < 1 for x e(x;, x;,.1) and N; (x) = O otherwise;

(2.3) {N; }3E5 is linearly independent over [X; x_y, X;irial, for any r =
k——landanyl-—k <j<KN—r—1;

(2.4)  {(Nowiole spans Sn s

N-1

2.5 Y &N (x) = U(x) = x+ 1, w=1,2,..,k, where

W) _ 1yt (IL (—p) Symufl(xi—i-l yeers Xik—1)
pw—1
where sym,_1(X;41 .., Xi1x_1) and §; are defined by

k
Y(x) = (x — xp41) " (6 — Xgpp) = Z (=1 xF = symy, _((Xoiq 5eees Xivee) 5
u=1
(2.6) Suppose X, < X < Xpq and i <m <i-+k. Fix 0<r<k. If
X = X, , suppose also that x, is of multiplicity at most k —r — 1. Then
N{T(x) exists, and
Pkr

>
Ai,m,k-—l Ai,m,k~r

| Nl <

where for j = k — r,. k — 1 we define A,,,; as the minimum of x,.; — X,
over v such that x; < X, <X < Xp; < Xpp» and where

(k — D! r
Ter = k —r—1)! [[r/Z]]

with [r]2] == greatest integer less than or equal to rf2.
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Proof. For (2.2) and (2.4) see Curry and Schoenberg [7]. De Boor and Fix
[6] proved (2.3). Relation (2.5) has been proved by several authors; for
a proof with the £;’s as given here see de Boor [5].

The estimate (2.6) is a refinement of one in de Boor and Fix [6]. To prove
it, we first note that

L — X — !
Nz(rl)c(x) == (XH(’;C »_)i.l)gc n! D: [xi sy Xapr] Gror(s5 X).

Using Lemma 2.2 below with w = k + 1, p = k — r we obtain

r
v
(k—r—1! o Ajar " Bipie—ria ’

(k — 1! r ( ) [Xps 5eees Xoigror] G55 X)|

| N0l <

r »
(k — 1) ([r /2]) v=0 Noie ()
Sk —r =D Ay v By

Since 3 N4 1-(x) < 1, (2.6) follows. |

LEMMA 22. Let 0 < p <w—2. Then for any & < & < <€,
with v; = Milygepj | &0y — &1 > 0,5 = p+ 1,..., 0w — 1, we have

e €171 3 (27T ) B awm} [Gos = )
. 2.7)
Proof. Since
|[§2 30ty gw]f’ + I[fl 3eeed é‘wfl]f[
’[fl ERRSS] éw]fl < | gw _ 51 ‘ >

and | £, — & ] > Yo-1, We have (2.7) for o = w — 2. Now suppose it holds
for0 < p << w — 2. Then

![51 seeey fw]f!
w—p—1 (w - B 1) g‘[§v+2 yreey §v+u+1]f‘ + H:gv-%—l 3veey §v+u]f!

=0
< g v [

Yo-1 """ Yus1

Now (€,1u11 — €,41) = v, and combining the sums yields (2.7) for p
replaced by pu — 1. Thus we have proved (2.7) for all 0 << p <X w — 2 by
induction. |1

640/15/5-3
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3. OPERATORS WHICH REPRODUCE POLYNOMIALS

Let # be a linear space of real-valued functions on [a, 5], and let {A,}31 be
a set of linear functionals A;: # — R. Given f € &, we construct an approxi-
mation Q f'to f by

0f(x) = 3 Nef Nolx). (3.0)

Q defines a linear operator mapping % into % .. Suppose % contains
the class of polynomials #, of degree at most / — 1 for some 1 </ < k.
In this section we study the choices of {A,} which yield

Qg =g for all ge 2, . (3.2)
LemMA 3.1,  An operator Q defined as in (3.1) satisfies (3.2) if and only if
MU, =€ p=1,2.,Li=1—k.,N—1, (3.3)

where U,(x) = x*~* and £ are as in (2.5).

Proof. Fix 1 < p <[ By (2.5, U/x)=Sr1s&"N, (x) while
oU(x) =S¥ 1, /\ U,N,; (x). Since {N, 7% is 11nearly independent,
U, = QU, if and only if AU, = & i=1—k,.. —1. 1

It is convenient to construct A; satisfying (3.3) from given linear func-
tionals {A;;};_, . We formalize this in a corollary.

COROLLARY 3.2. Suppose that for each i =1 — k..., N — 1, {A;}}_1is a
set of linear functionals defined on F such that

det()‘ifUu):li,uzl a 0. (3'4)

Let {aﬁ}]Ll be the solution of
1
Z U, = EW, p=1,2..1 (3.5)

Then A, = Z;al agAy satisfy (3.3), and the corresponding Q satisfies (3.2).

For any prescribed {A;;}}_; satisfying (3.4), the system (3.5) can always
be uniquely solved for the {«,}! ;. This will be especially easy if A;; have
the property that A,;U, = O for p = 1,2,...,j — 1l and j = 1,2,..,,I. Then
the system is lower triangular and

Xy = 1/)‘z‘1U1 (f(l) =

s :< o _ 'Z awAwU)/)\“UJ, J=23..,1 (3.6)

v=1
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We point out that in this case the {«,;} do not depend on /; i.e., if we have
the {a;;};-1, then to solve (3.5) with / + 1 we need only compute one new
coefficient.

The next theorem contains an explicit expression for the {~,;} satisfying
(3.5) which will be useful for obtaining error bounds for f— Qf. We recall
that the symmetric functions sym(¢,,..., £,) are defined implicitly by
(&) £) = T symo 6 £) 0L

TuEOREM 3.3. For i=1—k,... N — 1 let {Aj};_, satisfy (3.4), and
suppose { p;;}i_y are polynomials of degree at most | — 1 such that

Aiupi]' = 8]'“ s j, m = 1, 2,..., l (37)

Then if p;(x) = Zfﬂl a;,x' L with 0 << g; << 1 — 1, the solution of (3.5) is
given by
a;;+1

&y = Z aijvfz('V)- (3.8)

v=1

In particular, if pii(x) = c;(x — zj1) " (X — Zyjq, ), then

ot SYMY(Zi51 5evvs Zigrs) SYMy. A Xisq »oees X
a; = Cs Z (_1)V Y ( J1 Jq“)kY_qi, ( +1 +k 1)
v=0
(qz'j — V)
Proof. It may be verified directly that the «; in (3.8) satisfy (3.5). To
see how this choice arose, we multiply the vth equation of (3.5) by a;;, and
sumoverv = 1,2,..., . |

3.9

We conclude this section with several examples.

ExampLE 34. Fix 1 <d<I<k. Foreahi=1—k,.,.N—1 let
a < Ty, T << b be such that at most d of the {r,,..., 7,;} are equal
to any one value. Let A, f = [r44,..., 75,1, = 1, 2,..., I, where if equal 7’s
are involved; then the divided difference is interpreted in the usual extended
sense involving derivatives (cf., e.g., Isaacson and Keller [9, pp. 246 ff.}).
It is well known that {A;;}._; satisfy (3.4) and moreover, (3.7) holds with
pi(x) = (x — 74) - (x — 745), j = 1, 2,..., L. Thus if {a,;;}}, are given by
(3.8), then the approximation scheme

N-1 1

Of(x) = Z Z il 7in seees Tis]f Ny plx) (3.10)

i=1—-k j=1
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satisfies (3.2); i.e., is exact for #,. We emphasize that with d = 1 in this
example, the construction of Qf in (3.10) depends only on values of f at
the 7;;, and not on any derivatives of /. In general, if d > 1, Q is defined
for any fe C4[a, b].

For convenience we list «;; for j == 1, 2, 3, 4. We have
ail - l
Kjg = 552) — Tia

_ ¢® @)

Ay = & — (T + Tia) fz + TaTi

_ @) 2
= &

- (Tzl + 7'1'2) g2 = Ty1 -
L] | (3) (2)
Xy — fz — (T + T2 Ti3) &+ (TaTis + TaTi + TiaTi3) fz  TiaTieTig
o
1

2 2 3
— (7'11 + T + Tz:;) Xig (7'1'1 + TuTa + 7i2) Xiz — Typ -

We note that if 7;; is chosen to be & = (x;y + - + x )k — 1),
then «;, = 0. Thus for example, with / = 2,
N-1 ()
Of(x) = Y (%) Niwx). (3.11)

i=1-k

This is precisely the variation-diminishing spline approximation method o
Marsden and Schoenberg [12] which reproduces 2, .
If we select 7,; = &P, then oy and «;, also simplify to

3) (2)
Oy — fz(g - (fzz )25

3)
[ fz@ - &(2)&(‘3 — (T + Tiz)os .

ExampPLE 3.5. Let [/ = k = d in Example 3.4. Then we write 7, =
T4 = ' = 15 and note that p;;(x) = (x — 7;)~%, and by (3.8) and (2.5),

i u—1 f (k—u) s 1y, =) )i — 1!
O‘ij:z("*l) P 0) 1)!(_Ti)j_u>( D' 7" (r)(j — D!

= Gk=DIG—w! N (k — ! ’
j=1,2,.., k. Then (3.8) becomes
010 = % Y. s fU(r) Noal) (3.12)

i=1-k j=1
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with {«;;} given above. This is precisely the quasi-interpolant discussed
in de Boor and Fix [6]. It is defined on C*[a, b] and is exact for #,, and
even for &, ..

ExamMPLE 3.6, Fix 1 <!/ < k. Foreachi=1—k,..., N —1let @x)e
C(—1, 1) be given, where #,(x) > 0 for xe(—1, 1). Suppose p;; € #; are
the associated orthogonal polynomials; i.e.,

1
f-—l Z?’z(Y)sz(J’)qu(y) dy = 8llu.hiv > v, H’ = ]9 2""9 ] (313)
The polynomial p,; has j— 1 distinct zeros in (—1,1); say p;;(p) =
ki(y — &) - (¥ — €ijs—p) with ky; # 0 and ;51 5.0, Eiys € (—1, 1). Typi-
cally, we would choose @, to yield classical orthogonal polynomials.

Now given any «; < f8; and fe Ly[a; , B;], we can define

LA 2 Bz — 0y ® + B ;
Auf = AY) Dij “dy, j=1,2,..,1 1
f= [ 80 b (P + S dy (3.14)
If

po) = b (B 2By, j=n2e Gy

then (3.7) is satisfied. Thus with «;; given by (3.8) (where g;; = j— 1),
the B-spline approximation method

QU%:E?iaa02%®ﬂMW(&;%}%—%jﬁﬂéﬁMﬂﬂ

i=1—k j=1 -
. (3.16)
is defined for fe L,[a, b] and is exact for £, .
For later convenience, we note that
Pif(X) = ¢(x — z;51) (X — Zyj5-1) (3.17)

with

C;; = kij (_..2—_)]A1 and Ziiq wenen Zois €(Oé~ B)
J hﬁ Bi—"ai 071 3vees “iji—1 is Mi)e

We also note that taking

1 . VN . .
zf = [ ey (B y e 2ok B g o0

(the weighted moments of f over (—1, 1)) is equivalent to the choice (3.14);
that is, they lead to the same Q.
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4. SOME LEMMAS

In this section we provide some tools which will be useful for estimating
how well B-spline approximation methods approximate smooth functions.
In particular, we shall be interested in the quantities

_ D=0, 0=<r<s
Er,s([) - D'Qf(t), s < r < k, (41)

where D7 is the rth derivative operator and s is an integer with 1 <{ s < k.
We have introduced the parameter s since often the B-spline approximation
Qf will have more derivatives than f. In fact, if Qf is given by (3.1) and
if m is an integer such that x,, < ¢t < x,,.,, then

m

Of) = ¥ AfNul) @2)
and
DOf = S ASDNuO) @3

We recall (cf. (2.6)) that D™N,,(¢) exists for all ¢ ¢ =, and also if t = x,, € 7,
provided x,, has multiplicity at most k — r — 1.

Our first result is a basic comparison lemma which is designed to exploit
the property that Q reproduces polynomials. The idea has been much
used; cf., e.g., de Boor and Fix [6].

LemMA 4.1, Suppose Q is defined on a class of functions containing &P, ,
and suppose (3.2) holds (i.e., Q reproduces #;). Then for any polynomial
g€ P, and any f such that Df(t) exists, 0 <r <s <1 <k,

D'R(t) — DTQR(1), 0<r<s

Eed) = I prorq), s<r<k *4)

where R(x) = f(x) — g(x).
Proof. For 0 <r <s,
D(f— Qf) = D'(f — g) + D'(Qg — Of) = D'R — D'QR,
since Qg = g. Fors < r <k,
DQf = D'Qf — D'g = D'Qf — D'Qg = D'QR,
since D'g = 0. |



LOCAL SPLINE APPROXIMATION METHODS 303

Lemma 4.1 reduces the problem of estimating | E, (¢)| to obtaining
estimates for | D'R(¢t)| and | D'QR(¢)|. The first of these is usually easy
(e.g., if g is the Taylor expansion at f, then R and its derivatives are O at ¢).
For the second term we have, by (4.3),

| DOR(N| < ). | AR D'Nx(®)l.
i=m+l-k
We have bounds on | D"N;(t)| in (2.6); it remains to study | A,R |. If A,R =
>3 auA;R With {oy;} satisfying (3.5), we have
14
])\z’R{ < Z | o ‘/\z‘jR|-
j=1

We will have to estimate | A;R | for specific choices of A; and R (see Sec-
tions 5 and 6). In the remainder of this section we concentrate on the «;; .

LEMMA 4.2. Let & = (§1,..., &) and v = (41 ,..., ) be vectors of real
numbers with e > d. Define

&) = —d)Y (n+ &) (a+ &), 4.5)

Where the sum is taken over all choices of distinct §,«1 sees &3, Jrom &y €,
(This is a sum of elf/(e — d)! terms). Then

¢(f: 7]) = 2 (8 - d + f"‘)! (d — ‘LL)' Symd——u(fl sees §e) Symu(nl 3oy nd) (4'6)

Proof. 1t may be verified that for v = 0, 1,..., d,

o¢
S 0) = (e — 1(d —
37}7‘1 e a”’h‘,, (é:’ 0) (e d + V)‘ (d V)' Symd—v(é‘l ERRRS] 69),
for any choice of distinct Nj, 5eees My, fTOM 74 .., 1 While
ap(&; 0))(omy, - ;) =0

if any two of the i, »-» M, S are equal. Now (4.6) is just the Taylor expansion
of ¢(¢; ) with respect to the n-variable about n = 0. |

LemMA 4.3, Suppose {A;}iy and { p;;}i_, are as in Theorem 3.3. Then

k —q; — D!
Qgj == Cyj S—(TL{*;T)',—) Z (%, — Zaj) =+ (%, 0w Ziiqij)s 4.7)
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where the sum is taken over all choices of distinct v, ,..., Va,, from i+ 1,...,
i+ &k — 1. (This is a sum of (k — DY(k — q; — D! terms.)

Proof. We combine (3.9) with (4.5) and (4.6) with e =k — 1, d = ¢,
{gj = xi+i};b:11 5 and {nu = ‘Zifu}zi:jl . I

Lemma 4.4, Suppose Q reproduces polynomials #, and that {A;}'_,
and p;(x) = c(x — z1) o (x — z,-jq”_) are as in Lemma 4.3. Given t, let m
be such that x,, <t < Xy, . Then with R as in Lemma 4.1,

l
T I

| D'QR(t)| < kI, mHE’lfiXKmEl AR | ey | Ay, (4.8)

where
p | Xy, 7 Zin | -] quij — Zijgy; 1
= max .
” i+1\<\"1v""“0¢j< it+h—1 D1 Bymr (4 9)
Viseees vy distinct

and where I'y, and A,,,, are defined in (2.6).

5. ERROR BOUNDS FOR A METHOD BASED ON POINT EVALUATORS

Fix integers 1 <d <I<k. For i=1—k..,N—1 let {r;}_, be
prescribed real numbers in [a, b] N [x;, x,,;] such that for fixed i at most d
of the {r;}} are equal to any one value. Throughout this section we will
be concerned with the B-spline approximation method

0 = ¥ 3 ks Nil), (5.1)
where
X = [ra e 7l (5.2)

and «;; are given by (3.8) with p;;(x) = (x — 71) -~ (x — 755.0), 7 = 1, 2,..., [;
i=1—k,..,N— 1. (This is just Example 3.4 with {r;}i restricted to lie
in the support of N,,.) This makes QF a local approximation scheme;
the value of Qff(t) depends only on the values of fin a (small) neighborhood
of t). We recall QF reproduces #, . It is defined for all fe C¥Y[a, b].

The purpose of this section is to obtain estimates for | Ef (¢)|, which
we define as in (4.1) with @ = QF. We shall use Lemmas 4.1 and 4.4, so
we need to introduce an appropriate R.
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For fixed a <<t < b, let m be such that x,, <t << x,,4; . We write [,
for the smallest closed interval containing {r;};_,, and I, for the smallest
closed interval containing [x,,, Xp,.,] and U a-xda. (The set I
contains the support of the {A;}&,, . involved in constructing Qf(¢)). Now
for fe Cs-(1,,) we define

RG) = 1) — £ Lo0 e oy (5.3)

=0
By the Taylor series for R we have

Di-1R(x) = DS"UEEVCEJ;)—! t)s-j, j=12..,s, 5.9

for some {(x) between x and ¢. We also note that

Ds1R(x) = Ds-Yf(x) — D*Yf(t). (5.5)

Our first task is to estimate | AR |. As we will be using Lemma 2.2 we
need to introduce parameters descnbmg the spacing of the 7;;. For each
integer 1 <v <1 —1, let

— () (J)
Oy = 1<1’131<r1]__v (71u+v — Tiu)s (56)
where {r{),..., 7} is the nondecreasing rearrangement of {7, ,..., 7;;}. Since

at most d of the 7,; are equal to any one value, g5, > Oforv =d,d + 1,.
[/ — 1. We set
Oi5 =~ IILIJIEl Oijs - (57)

We will also need parameters describing the spacing of the partition 7. Let

4 = RTL . S Cei0 — X3), (5-8)
4 = 1 AKX k2 (Xiq1 — X4), (5.9
Am,k—?‘ = m+1—II(l::1—i%v<m (xv+k—7‘ - xv)’ (510)
and
Ak—r = Oérnl;lir}\l—l Am,kAr . (511)
xm<xm+1

Finally, we define the modulus of continuity of a function g € C(J) by

w(g; A3 1) = max [f(x + h) —f(x)l.

0<<h<4
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Lemma 5.1, Let 1 << d <Cs < I, where d is the maximum multiplicity of
the {r,)i_, defining XE;. Let m + 1 — k < i < m. Then if fe C*YI,),

| Loy — t1 i— 1,28
_ T (e gyt J=14,..8,
R | < k(DY 4,5 1,){Y D (2SH M (5.12)

(s — Doy o 0y

where {;€1; .
Proof. For any x eI, we have
| D= (x) — DY ()] < k(DY A, 5 L. (5.13)

Now to prove the first inequality we note that, for j = 1, 2,..., s, ALR =
DiAR(L /(G — D!, where ;€1;CI, . Now (5.4), (5.5), and (5.13) yield
the result. For the second inequality we use Lemma 2.2 with » = j and
w = s — 1. Since Yy (;*) = 2/~ we obtain

. . . |
i Af)R { < 21‘5 max H:Tl,v+l 3003 Tz,v+S]R | .

0=r<is Gi5.5-1 """ Oi4,s

But |[Tz‘u+1 EEREH] Tiv+s]R [ = i DS?IR(ZI’]’V){/(S - 1)‘5 Where Cijv € I"m s V= 0’ la'--,
J — s. Thus (5.5) and (5.13) yield the result. ||

We are now ready for our first error estimates. We begin with local error
estimates. Recall that [, is the smallest interval containing [x,,, X,41]
and the support of {A;}}_, for i =m -+ 1 —k,..,m. We write L,[I] =
{f: f¢1 is absolutely continuous on 7 and f e L [I]}.

THEOREM 5.2, let 1 <d <s <l <kandl < q < oc. If fe CYL,,
then for 0 < r < k,

1 ER o) < Knds "W (DY 4,5 1), (5.14)

If, moreover, fe Lj°[I,], 1 < p << co, then for 0 <r <k,

I EEn fapay a] < K™t D=0 Dafyf o (5.15)
Here
ks+1F“'r Zm " §— ! i—s
K = 1]}' ( A, . ) [2‘ s 21(2”7")] }
: mk—r /| J=s+
where
— max ek — X))
Prm mtl—k=li<m O ?

and I'y, = (k — DY(k — r — D! (7)) is the constant in (2.6).
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Proof. We use Lemmas 4.1, 4.4, and 5.1. In Lemma 4.4 we take gq;; =
j—land z;, = 7, v =1,2,...,j — 1. Then for x,, <t < xp1,

E s—1p 1 . . R _
BRI KTy o0 D 1) max | 5l s a1,

d 254,
+y —| 5.16)

s — DV oy

j=s8+1
where
lxvl — Ti ] ‘ xvjvl — Tiia 1
I AR e X A L | R
vy  distinet
Now since the ;s lie in [xl ' Xy, = Ti | << | X — X | < pmoys and

lx — 1| <(k— D4, . Since xm Lt < Xpyp and X <3 <

xm+k , we also have | {;; — ¢ l < kd,, . Thus (5.16) implies (5.14) for g = 0.

Integrating the inequality over [x,, , X,,1) proves (5.14) for 1 < g < oo.
Now if fe L,*[L,), then for any x, x + 8¢,

| DI (x4 6) — D) < [ 1 DY) du

&

%+ @/ )
<([7 1Dr@ir ) " o-wim,
Taking the supremum over all | 6| < 4,, yields
(D Ay 1) < A7V 1 DS ey -

These local error estimates lead immediately to the following global
result.

THEOREM 5.3. Let]l <d <s<I<kandl < q < 0. Iffe C°*a, b],
then for 0 < r < k,

1 E7 o) < KA (D57 4 [a, B)). (5.17)
Iffe L,*[a,bl, 1 << p < q, then for 0 < r < k,

LES o < 2k — 1) KAT770D=002  pspyp, g (5.18)
Here

:(Igj;];—kﬁ (Afi,)r lzs_l > (2p)"‘s],

J=s-+1
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where

— (Xopx — X9)
P LS v Oy )
Proof. The assertion (5.17) follows immediately from (5.14). Indeed,
4,, < 4 for all m. Also, if m is such that x,, < X,,.;, then A, ,_, > 0 and
the quantity A, , defined in (5.11) is also positive with A, ,_, = A, .
Finally, since p,, < p, K, < K.
Now by Theorem 5.2, if f< L, %[a, b],

£ As—r (L (1/D) |
I Er e < KAV DSy

Raising this to the qth power and summing over the v such that x,, <
X 11 Yields

(1/q)

(/9 , o
(2 H Efg H%q[xmy)lmy+l]) \/§ KZS_T-(—(I/Q)—(I/D) (z H Dfl\!%.p[lmy])
But for p <C ¢, Jensen’s inequality (see, e.g., [16]) yields

e @/m - 1/p .
(Z Il D'fHL,,[I,,,V]) < (Z | Df HL,,[I,,,V]) < 2k = D) || DS Lt >

v

since I, C [xp 41-%, xmﬁk] so any piece of [a, b] is added into the sum
at most (2k — 1) times. |]

The error bounds in (5.18) may be compared with the ciassical bounds
for spline interpolation (see, e.g., [16]). In particular, the orders are best
possible. The constants, however, are not best possible. We have exhibited
them primarily to show clearly on what they depend.

It is of interest to examine the question of when the constants K, and
K in the above theorems are independent of the mesh ratios 4,,/A, ;.
or 4/A,_, and of the constants p,, or p. This question depends on the
placement of the supports of the A; within the support [x;, x;,,] of the
B-spline N, ;. .

Forl —k <i<N—1and 0 <r <k, we define

Jir = m [xv » xv+k-—1‘]‘ (519)

i<vlitr
[xu+k—7‘_iv‘ >1

X, =X
vHE—r=" 4L
X, XN
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(Note that x; and xy_, are (as in Section 2) the first point in the partition 7
bigger than a and the last point smaller than b, respectively). We note that
with simple knots,

[xi+'r ’ xl]s i=1-— ka-": r—k
Jir = {[Xeir s Xignorls i=r—k+1,..,N—r—1 (5.20)
[xn—1s Xitn—rl, i=N—r.,N—1

If x; or x;.; is a multiple knot, these intervals are even longer. Thus a
sufficient condition for J;, to be a nontrivial interval is that 2r < k.

The following lemmas will be used to estimate (5.16). We recall that
I,; denotes the smallest interval containing the {r;, ,..., 7;;}.

LemMMA 54. Fix 0 < p <<{r < s — L. Suppose
I,CJ; N [a,b], i=m-+1—k,..,m (5.21)
Thenfori=m-+1—k,..,m

[ Xey — Tiog | 77 1 Xe, — Tig,, |

<1, 5.22
Ai,m,kAlAi,m,kAu ( )
for all choices of distinct € ,...,e,€{i+ 1,..,i+k—1} and 0,,...,0,¢
{1,...., 1.

Proof. Let i <y <i-+ p be such that [x,, x,.1] C[x,, x,_.] and
Xyinou — Xy = Bimp_n. Now at most u — 1 of the x ,..., Xe, lie outside
of [x,, x,,r_.], sO at least one is inside. Moreover, all of the 7,’s are in
I,CJ;, , and since by definition J,, C [x,, x,,,_.], one of the factors
| x,, — Tip, | is less than or equal to A, ,, ;. But then (5.22) follows by
induction. ||

The next lemma is useful for the terms in the first sum in (5.16).

LemmA 5.5, Fix 0 <r < s — 1, and suppose x, <t << Xp41. Suppose
(5.21) holds. Then fori =m + 1 —k,...,mandj=1,2,.., s,

Vs — I X, — Tl I X, — T

< (kA,)r1,  (5.23)

Bjmr— " Bompr

Jor all choices of {;el,; and all choices of distinct v, ,...,v;_y from

G+ 1.,itk—1

Proof. Lety be such that x; < x, <? <x, 1, <X pand &, 1 =
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(*y1x—r — x,). Then by (5.21), I;CJ,CIx,, Xparl, s0 [{y—1t] <
By K KBy perys_j1 - NOW we apply Lemma 5.4 to yield

| Xy 7 Ta1 ] 1 Koy gps " Tir—s+i ]

=< 1.
Ai,m,k—l Ai,m,k—r+s—j

The remaining s — r — 1 factors are each bounded by k4,,. ||

For the terms in the second sum in (5.16) we have

LEMMA 5.6. Fix 0 <r<<s—1<1-2 and x,, <1t < x,,,. Suppose
2r < s+ 1. Assume, further, that (5.21) holds and o;, >0, i=
m+1—Fk.o,mThenfori=m-+1—k,..mandj=s-+ 1,..1,

[ Xy, — Tar | o Xy, — Tujoy |

< (pn*)=e (kd,) 2, (5.24)

Ogjj—1 °"° o'ijsAi,*m,kvl Ai,m,k—r

Jfor all choices of distinct v, ,..., viy from {i -+ 1,...,1 + k — 1}, where

pm* =  max ﬂl, (5.25)

mtl—ki<{m Oy

and | J;,. | = length of J;, .

Proof. Fix s+ 1 <j <L If r=0, all of the x,’s in (5.24) are in J,, .
If r > 0, the fact that J;, contains [x,,, , x;,,..,] implies at most 2r — 2 of the
{Xi11 5-es Xiyp—t lie outside of J,., so at least j —1 —2r +2 >j—s
of the {x,,1 veers xVH} lie in J;, . Since by (5.21) the +’s are also in J;,, (5.25)
implies at least j — s of the | x — = | factors in (5.24) are bounded by p,,*o;, .
We are left with s — 1 > r factors in the numerator, and we may apply
Lemma 5.4. |

THEOREM 5.7. Suppose in Theorem 5.2 that (5.21) holds. In addition,
suppose r < s — 1 and that 2r <s -+ 1 if s <1 Then (5.14) and (5.15)
hold, with K,, replaced by

B ks“fr«)-ll"kI {

*
K =5

2s—1 _{_ z (2pm*)j—s]‘

J=s+1

Proof. We simply apply Lemmas 5.5 and 5.6 to (5.16). |}

We emphasize that if s = / in the above, then K,,* depends only on
k,r, and s. For s < [, it would be reasonable to choose the 7, ,..., 7;; equally
spaced throughout J;, M [a, b] with 7;; = left endpoint and =,; = right end-
point. Then if the {x;_;,..., x_;} and {xy.y....., Xy4x_1} In the extended
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partition have been chosen such that x;,; — x; <x; — X,/ =1 —k,..., —1,
and x,., — x; < Xy — Xy_1, j = N,..., N+ k — 2, the constant p,* in
(5.25) satisfies p,,* < (k — r)(l — 1)/s.
THEOREM 5.8.  Suppose in Theorem 5.3 that

I,CJ,nabl, i=1—k.,N—1 (5.26)

In addition, suppose r <L s — 1 and that 2r < s+ 1 if s <l Then (5.17)
and (5.18) hold with K replaced by

K+ Jes—r+1 T, [254 + zl: (ZP*)j'S]
(s—Dt=* i ’
where
p* — max [ Jir ‘ .
I~k I N-1 Oy

6. ERROR BoOUNDS FOR A METHOD BASED ON LOCAL INTEGRALS

Fix integers 1 </ <k, and suppose {p,}._, are the orthogonal
polynomials ( p;; € ;) with respect to weight functions #; defined on [—1, 1],
i=1—k,.,N—1. Suppose [o;,B]1C[x;, x03x)y i=1—k,..N— 1.
Throughout this section we shall be interested in the B-spline approximation
method

N—-1

Qf(x) = ¥ 3 ihif Nial), (6.1)

i=1-k j=1

where

X = [ spr (B v 2B e 6

and o, are given by (3.9). (This is just Example 3.6 with [«;, 5,], the support
of the A}, , restricted to lie in [x;, x,,.].)

In this section we state estimates for | E] | defined by (4.1) with Q
replaced by QL For 1 <m << N — 1, let I, be the smallest interval con-
taining [x,, , Xpq] and [o;, Bl i =m -+ 1 — k,...,m.

THEOREM 6.1. Let | <s<I<kandl < q < 0. If fe C*1I,], then
Jor 0 < r <k,

I ES lgfrmona < K A7 (D 4, 5 1), (6.3)
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If fe Lo[L,], 1 <p < oo, then for 0 < r <k,

1 Er s Iz o] < Kndam 0002y pogy g (6.4)
Here
Jesti . Zm r -
K =G0y 1’;! (Tm) A% W |21 Z (h )1,2 (2p) 7,
where

(Xsx — X2)

P = B (B — )

and k;; and h;; are the constants associated with the orthogonal polynomials p; .

Arguing as in Section 5 we easily obtain global estimates.

THEOREM 6.2. Letl <s <I<kandl < g < w. Iffe C*a, b], then
Jor 0 < r <k,

L E) lefum < KA o(D7fs 4 [a, b)), (6.5)

If feLyla,b], 1 <p < q, then for 0 < r < k,

VEL L fan) < (2k — 1) KA+ 020D psgy), (6.6)
Here
o ket 4y 1/2 =g
(s — D (Ak_) TIREL v 1w llLle 0 Zl (h )1/z (p)
with

max (Xipe — X3)
1—k<i<n-1 (B — o)

p::

Mesh independence results seem to be more difficult to obtain for @’
than for QF. The difficulty is that in the estimates there are j — 1 of the
(B; — «,) factors in the denominator as well as r of the A factors. We content
ourselves with only the simplest possible result.

THEOREM 6.3. Suppose in Theorem 6.2 that for i =m+ 1 —k,...m
i1 Xie] = [0, Bil, r=1<s. (6.7)
Then (6.3) and (6.4) hold for r = 1 < s with

ke+1FkT i )
TG =D =, Z (hzz)1/2 d; — )| wi s, EAR
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7. PROJECTIONS

In this section we examine the question of when a B-spline approximation
method Q of the form (3.1) is a projection onto %, . If F is the class of
functions for which Q is defined, we will suppose %, . C #. The following
lemma is well known, but we include its proof for completeness.

LemMa 7.1. Let Q: F — %, be the linear mapping defined by (3.1)
Jor some set of linear functionals {; } . Then Q is a projector (i.e., Qs = s
for all se %) if and only if (MY is a dual basis to {N,; J¥7}; ie.,

/\iNj'k = 8“ s l,] = 1 e k,..., N - 1 (71)

Proof Since {N,;}¥ 1_k is a basis, Q is a projector if and only if QN,;, =
Z,_l_ (AN Ny = Ny, allj =1 — k,..., N — 1. This is clearly equivalent
to (7.1). |

N—1

Now we may ask when a dual basis {A;}7; can be constructed from
given sets {A;}5, of linear functionals, i =1 —k,.., N — 1. We need
[ =k since #,C %, and so Q must reproduce polynomlals of degree
k — 1. It would be natural to take A; = Z] 1 &g With {o}5 ) given by
(3.5) with / = k. In general, this is not sufficient to assure that Q is a projector
(see Example 7.5 below). The following result (suggested to us by C. de Boor)
gives a sufficient condition.

THEOREM 7.2. For i=1—k,.,N—1 let {\;}}_, satisfy (3.4), and
suppose {A;}5., all have support in one submterwl [x,,, x, 1] of [xZ , Xivr)
Then with {«;}s_, given by (3.5), the set A3 5 is a dual set to (N} N1

Proof. Fix 1 —k<i<N—1 By (23), {Nurtlisy—xr1 18 linearly
independent over [x, , x, ], and hence span Z in this interval. But then
by (3.4) the determinant in the system

k
)\iNuk = Z aiiniNuk = Siu ’ B =V k + lr", Vq

g=1

is nonzero, and we can solve it uniquely for {«;}* ,. Now
35 5=1

k

z aii)‘i]'Nuk = 0, M= 1 — k,..., Vv, — k, v; + 1,..., N — 1,

-1
automatically by the support properties of the {A;},. Now {A}¥7 is

a dual basis, and by Lemma 7.1 the corresponding Q is a projector. But
then (3.3) must hold so {o;;}¥ , must in fact be a solution of (3.5). |

640/15/5-4
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We now give several examples.

ExaMpLE 7.3. Suppose in Example 3.4 that / = k and that for { =
1 — k,..., N — 1 the {r;;}}_, are chosen from intervals [x, , x, .,] C [x;, X;.z].
Suppose also that if some 7,; is at a knot x,, then the multiplicity of the
7;; does not exceed k minus the multiplicity of the knot x, . (Then A;; can
be evaluated on any se %, , and Q is defined on a class .# containing
S - In particular, if d is the maximum multiplicity of the +;’s, then Q
is defined on C%1[q, b] at least). Theorem 7.2 now assures that Q defined
by (3.8) is a projector of C%[a, b] onto ¥ . This example includes several
projectors constructed in de Boor [4].

ExampLE 7.4. Suppose in Example 3.6 we take / = k and insist that
[, BIC [X,,, %,42] C [x;, x;,5] for some v;, i =1 — k..., N — 1. Then
Q given by (3.16) is a projector of Li[a, b] onto &, ..

ExampLe 7.5. Letk =2and x;, = i,i =1 —k,..., N — 1. Then

Sx—i, i< x <i+1,
Nip(x) = (i 4+2—x, i <
0, otherwise.

Let A; = e, (evaluation at ) and A,y = e, , where 75 =i+1,
755 = 1 -+ 3 . Then if we seek a dual basis of the form A; = a; Ay -+ dpdss,

we will need, e.g. with i = 0,
0 N 0
1 = 11).
) (- 1

}\oN —12
)‘oN 02 =
)\ON 12
N—1

But this has no solution. Thus no dual basis {},}{7; can be constructed
from the given {};;}. This example shows that in Example 7.3 the requirement
that the {r;;}¥ lie in one subinterval of [x; , x;,;] foreachi = 1 — k,..., N — 1
cannot be summarily dispensed with.

O o ro

8. MULTIVARIATE APPROXIMATION METHODS

In this section we consider B-spline approximation methods for func-
tions defined on a region £ in R2 (The methods and results extend im-
mediately to higher dimensions.)

Given 2 C R, let H = [a, b] x [d, 5] be a rectangle with 2 C H. Suppose
r={a=x,<x < <xy—=>blandF ={d=F <& < - <ig=1"b}
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are partitions with multiplicities at most d and d, respectively. Let 7, =
{5 and 7, = {%,)}77 be extensions as in Section 2. With {N(x)}¥7,
and {N(®}.; univariate B-splines constructed as in Section 2 we may
define

N, &) = Ny(x) N (&),

fori=1—k.,N—1andi=1—EFk,.., N—1. This is a collection of
bivariate B-splines defined on [xy_j , Xnira] X [F1_z, Exys_al-

Let Hy = [x;, xpn] X [#, %4] and 2 = {(, 0): supp Ny N Q2 # ¢,
l1—k<i<N—1,1—F<i< N—1}. Suppose # is a linear space
of functions defined on £, and suppose {0,;} ;2 is a collection of linear
functionals defined on .#. Then for any fe % we may define a B-spline
approximation by

Of(x, &) = 3 0af Ninil(x, %). 8.1)

(¢, 1)e2

The simplest way to construct such formulas is to take the tensor product
of two univariate schemes. But if we do that, then we will get a scheme
which usually will require information about f outside of £ (unless, for
example, £ is a rectangle itself). In order to obtain a method applicable
to functions defined on £2, we need to consider (possibly different) univariate
schemes foreachQ <i < N —land 0 <i << N — 1.

Forl —k<i<N—1,1—k<i<N—1,let A\; be a linear func-
tional defined on functions of the variable x on [a, 5] and let A,; be a linear
functional defined on functions of the variable & on [4, 5]. Suppose

support A;;A; = [support A;] % [support A;,] C Q for (i, e 2. (8.2)

Now with 8;; = X;;A,; we have an operator Q, defined on functions on H by

Q*f(xs f) = Z BiifNiikE(x, ﬁ)’ (83)

1-kLigN-1
1~-kgigN-1

all (x, #) € H. If we are interested only in (x, £) € 2, then @, reduces to Q
defined in (8.1).

Let 2 be the class of all polynomials in two variables of total degree
less than /. The following result is easily proved.

THEOREM 8.1. Let 0,; = A;A;. Then

0.8(x, %) = g(x, &), (v, %ecH, al ge??, (8.4)
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if and only if

N-—-1

0181(x%):= z Ait §1Na(x) = gi(x), x ¢ la, b], all g2,

i=1—Fk
(8.5)
and

N-1
Q85(%): = Z 3 A gzNiﬁ("z) == go( %), fela, 5]’ all g, e, 8.6)

R
forall0 <i<N—1,0<i<N—1
Since for (x, §) e 2, Q. f(x, &) = Qf(x, %), (8.5) and (8.6) also imply
Qg(x, &) = g(x, &), (x,He, al gep?. (8.7)

Thus if for each 0 <i << N —1 and 0 <i << N — 1 the corresponding
univariate schemes are constructed to reproduce polynomials, so will Q.
For example, the methods discussed in Examples 3.4-3.6 lead immediately
to multidimensional analogs which reproduce polynomials.

As we saw in Section 3, it is most convenient to construct univariate
schemes which reproduce polynomials by choosing the linear functionals
as linear combinations of other simpler functionals. Thus, for example,
we might have

1
)\ﬁ = Z Oliij)\m (8.8)
j=1
and
11
Xz’i - Z &iijxiij- (8-9)
j=1

Then Q is given by (8.1) with
11
0 = Y ubshisdig -
fii=1

We also note that if A;; and 7\1-,-]— annihilate polynomials of degree j — 1
and j — 1, respectively, then it is easily seen that
3; = Z Oﬂz'if&iij)\mxiij (8-10)
JHigt
has the property 0, g = 0% g for all ge #,. Thus if Q defined by (8.1)
with 6,; reproduces polynomials Z#{¥, then so does Q* defined by (8.1)
with 0% .



LOCAL SPLINE APPROXIMATION METHODS 317

We close this section with two lemmas useful for obtaining error bounds.
Given 1 < s <k, let
DT’F(f_Qf)(L f)’ 0<r+;<sa

DT'?Qf(ta f); Ky < r -+ F<k. (811)

Err‘s(t’ f) =

Arguing just as in Section 4, we obtain

LEMMA 8.2. Suppose Qg = g for all ge PP, where 0 <s <[l <k.
Then for any g* € PP,

D™R(t, 1) — D"QR(1, 1), O0<r+7 <y,

DmQR(, ), s<rii<k, &2

Err’s(ty f) =

where R(x, %) = f(x, ) — g*(x, %).
Now suppose A; and A,; are given by (8.8) and (8.9) with A;; and A
satisfying (cf. (3.7))
)\iijp'[iv = 8}'11 ] js V= Is 27-"3 Z
Xiijﬁiiﬁ = 8]1‘/ s .77 V= 15 2’--'9 )
for some polynomials p;;,(x) = ¢;3,(x — Zig1) =" (X — Zip,,) and py(®) =
Eiol® — Zigy) (8 — Zypg). Let

D =0 D:m+ 1 —k<i<mm+1—k <7<}

7\

LemmA 8.3. For any R as in Lemma 8.2 and (t,t)e H,, 4,

1
| D™F QR(t, §)] < .max Y Teai || Zapl | AijAasR | AzzAaz 5 (8.13)
m ],j':

Hel2,,, 1
where
| X0y — Zagin | 0 | Xoay — Ziaig, |
Ay = max
Loy, ooy, it diimpa " Dimr

vty distinct

(/Ti,-j is defined similarly), and where A, ; ,, , are defined analogously to the
univariate case.

9. ERROR BOUNDS FOR C*1(£2) FUNCTIONS

In this section we obtain bounds for E,;, defined by (8.11) with Q = QF
defined by (8.1) and with 8,; = 8} given by (8.10) with

)\u‘jf = [Tsi1 yoes T iz'j—l]f;

. 9.1)
Aisf = [Fitr 5eer Faipalf-
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We suppose k = k, that (8.2) holds, and that A,; = support A; C [x,, x;.,]
and A,; = support A;; C [#,, &, %;.:]. If d and d are the maximum multiplicities
of the 7’s and #’s, respectlvely, then QF is defined for all fe C*1(£2) with
d+d—1<s.

To obtain bounds on E,;,, we shall use Lemmas 8.2 and 8.3, and compare
f with its Taylor expansion. To assure that the bound depends only on
values of f in £2 we shall suppose £2 is locally convex with respect to the
partition = x # and the support sets /,; x A,; of the linear functionals
defining Q. By this we mean the following. For fixed (¢, ) € 2, let m, 7 be
such that (¢,f)e H,,; . We recall that the B-splines N,; are nonzero at
GHfor(i,0)e 2, s ={(LDm+1—k<i<ma+1—k<i<m.
Then we say £ is locally convex (cf. de Boor and Fix [6]) provided that for
every (¢,7) e, for every ({,)e,; x A,;, and for every (i,i)e 2, ,
the line from (¢, 7) to (¢, {) lies entirely in £2.

We note that convex regions £2 are trivially locally convex with respect
to any partition and any choice of linear functionals with supports in £.
Polygonal regions with sides parallel to the coordinate axes are also locally
convex provided the supports of the linear functionals are carefully chosen
and provided the mesh is sufficiently fine.

Given0 <m < N— land0 < # < N — 1let Uy = Ui sen, - (convex
hull (4,; x A,; U H,,2)). By the assumption on £, clearly U,om T Q. Now
for any fe C=Y(U,,), and fixed (¢, ¥) € H,,, , we define

Ren(x, ) = f(x, &) — Eﬂ S_i_: D, t)(jc ; i(E — t)J

We note that for any ({,))e U,z and 1 <j, 7 <s—1,j+7 <s-+1,

s I (x — )& — )T Dt i R(, )
DI-LIFIR G o(x, &) = i— 7 =
@.5(% %) ‘g pls —j—j—p+ 1! 9.2)

where (¢, {) is on the line from (¢, £) to (x, #). Also,
Di-t+us—i—eR(L Z) = Di-ltus—i—uf({ Z) — Di-vrus—i—uf(r ), (9.3)
p=01..5—j—j+ 1. We define for any 4 > 0 and any region 0,

w(Ds1p; 4, 0) = max (D 1p; 4; 6),

0<v<<0~—1

where
w(ip; 4; @) = sup | f(x + 6, & + 8) — o(x, #).

58] <
(x,%),(x+8,%+0)e®

Letd,; = 4,, + Z,;,
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Lemma 9.1, With R as above for j,j = 1,2,..., 1,

(Zii]’ + Ziii — = f)s_j_j+1 kw(Ds—lf; Amﬁ't > Umrﬁ)
(s—j—=J+DIG—DIG—D! ’

| AR | < 9.4)

for j+7 <s -1, where {;; € support Ay;; , {yis € support Ay;; . Moreover,

2itj—s-1 kw(Ds"lf; Amift > Um’ﬁ)

Oji5—-1 "7 Gzzuo'n] 1 &iis—u+1(l“l' - 1)' (S - f’l’)‘ ’

| )‘iﬁ;\ii]'R | <

(9.5)

for j+j>s5-+ 1, where p is any integer with 1 < p <j and 1 <
s—p+1 <]

Proof. Forj+7 <s-+ 1, we use (9.2) and (9.3) to obtain

I DJ —1.i- I-R(Zua ’ gu])l
])‘u:)AH]R' — (]_1)'(]’*1)'

s—j—F+1 Lty — 1)* (Zii}” — f)s—ifusl
L WG =i —p+DG=DIG= D

k (l)q ]:f Amm b mm)

X

This leads immediately to (9.4).
Forj+j>s+land 1 <p<j 1 <s—p+1<j weuse Lemma
2.2. Then

M

PR | = 1y 0ees Tits 5 Fatn e Tl R <K

—S+u
=0

O [

v

=
I
=3

(9.6)

iTy—] 2ver i s Turp ooy Tiiva §— X
I[Tu~ 1 seees Tifvgu s Tiiv4+1 soos Tiip4d+s u]R I (

Oi5—1 °" " O45u 05151 """ Oifs—u+1

Now as in the first part of the proof, each of the divided differences in the
sum is bounded by

kw(Du—l.s—uf; Amr‘i’zUmrﬁ)/(ll' - 1)' (S - .u')'
Now (9.5) follows easily. |
Using Lemmas 8.3 and 9.1 we obtain (cf. the proof of Theorem 5.2)

THEOREM 9.2, Let d+d—1<s<I<k and 1 <q< . If fe
C*YU,.), then for 0 < r, ¥ < k,

I ESs e tnel < Kmadit ¥ (DY Ay s Ups)y, (9.7)
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where K, is a constant depending on k, m, #, r, 7, 5, I, g and 4,,/8,, ;. ,
A/ B > pm and p,, , with
Xy — X;)

Xip — &y
Pm =  max -—————, Pm =  max %—L) .
(ho)e2 o Giis (i,ne2 o Giis

We give two mesh independence results. First we consider s = /.

COROLLARY 9.3. Suppose that in addition to the hypotheses of Theorem 9.2,

we have .
support AzA; CJ; X Ji N Q) (9.8)

(G, %) € 2., , where J,, is defined in (5.19) and [;; is defined similarly. Suppose
also that s = 1. Then (9.7) holds for r + ¥ < s — 1 with a constant K,
depending on k, m, w, r, 7, I, q and on

A, Aoy
pia =y (Pemier L Runni) 9.9)
el o 40 F
A, A, S
Pmi = max (Bsimir & Biimir) (9.10)
(e o B; .m0

(We emphasize that in this case K, does not depend on 4,,,/3,, ,_; or the
Pm > P in Theorem 9.2.)

Proof. By (9.8), the factors {;;; - Zﬁf — t — f in (9.4) are bounded by
A, ;mpr+ Bismpr. Lhus these s —j—j+ 1 factors can be used to
cancel the shorter A’s in the denominator of (8.13). Then Lemma 5.4 can
be applied. |1

For [ < s we have
COROLLARY 9.4. Suppose, in addition to the hypotheses of Theorem 9.2,

that (9.8) holds. Suppose also that r +7 <s— 1 and 2(r +7) <s+ 1.
Suppose

P = B l&% < (9.11)
and
phx = max —|~J1—TI < o, 9.12)
aDed . 6
where
w = min([(s + 1)/2], s — 27 + 2), & = min([(s + 1)/2), s — 2r + 2).

koK

Then (9.7) holds with K,,; depending only on k, m, i, r, %, I, q, s, ph3 . prm
and on the constants pls , prx in (9.8) and (9.9).
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(We note that the constants in (9.11)-(9.12) are bounded by
(k — r){l — V)jw and (k — 7)(I — 1)/&, respectively, if the =’s and #’s are
taken equally spaced in J;, and J;;. A sufficient condition for J;, and J;;
to be nontrivial is 2r < k and 27 < k.)

Proof. We need to consider the terms in (8.13) with j 4-j > s + 2 since
the terms with j +7 < s+ 1 were estimated in Corollary 9.3. By (9.7)
and the same argument as in the proof of Lemma 5.4, there are at least
j—2r+1|x—z|soflengthatmost|J, |andatleastj —2¥ +1[& — 2 |’s
of length at most | J;; |. We call these good factors. Now we claim that
we can choose p in (9.6) with p > w and s — p + 1 > & so that good
factors can be used (via (9.11)-(9.12)) to cancel the ¢’s and &’s in (9.6).

We recall (9.6) is obtained using Lemma 2.2. To explain the process
of reducing

‘[Tl seees T 5 %1 LA ] ?j]l (9.13)

to a divided difference involving s + 1 points we write the following
algorithm.

(1) Ifj+j7=s-+ 1, then choose p = j and exit;

(2) ifj <], go to (5);

3) ifj—2r41 <0, choose p = j and exit;

(4) reduce the left side of (9.13) to one less point, cancelling a o;_,
factor; go to (1);

(5) ifj—2F4+1 <0, choose p = s — 1 —j and exit;

(6) reduce the right side of (9.13) to one less point, canceling a &;_,
factor; go to (1).

We now show how the good factors can be used. If we exit from (3),
then the factors 6 4,..., &;_;,; can be canceled by the j — 27 4- 1 good
| & — #| factors since 2(r +7) <<s+ 1 < s+ 2. If we exit from (5),
then the factors o;_,,..., 6, ; ; can be canceled by the j — 2r + 1 good
| x — z| factors since 2(r 4+ 7) < s -+ 1. Finally, if we exit from (1), then
either j or 7 equals [(s + 1)/2], and the smallest o or & factor canceled in
(4) or (6) is at least o[(s -+ 1)/2] or &[(s + 1)/2], respectively.

Letd = A+ 4.

THEOREM 9.5. Let d+d—1<s <1<k and 1 <q< 0. If fe
CsY82), where 82 is locally convex in the sense defined above, then for 0 < r,
<k,

I Evse e < KA (D75 4; ),
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where K is a constant depending on k, I, r, 7, s, q and AJA,_,., 4/, _;, p
and p, where

o (Xoe — xo) ~ (Kipr — &)
P= e on ~° PT W& 6
Clearly the analogs of the mesh independence results in Corollaries 9.3
and 9.4 hold for the global Theorem 9.5.

10. ERROR BOUNDS IN SOBOLEV SPACES

In this section we assume £ is a region in R? which is locally convex
in the sense defined in Section 9. We are concerned with approximating
functions in the usual Sobolev space W,*(£2), with norm given by

s (/1)
A S
v=0

| flopo = (i “D | D”’”_“f[p)(l/m_

NITES | e

We recall that W, 5(£2) C C*-1(2) for v — 1 < s — 2/p, (see [14, p. 69]).
We will approximate fe W, 5(£2) by the B-spline method QFf defined
in Section 9. Thus in order to compute the A,; and 7\1-,7 in (9.1), we need
to assume that 4 and d, the maximum multiplicities of the = and #’s in (9.1),
are such that d - d — 2 < v — (2/p).
We call a region U C R? starlike if there exists a ball B such that for
every (x, &) € U and every ( v, #) € B, the line between these points lies in U.

LemMa 10.1. Let U be a starlike region. Suppose U is contained in a
sphere of diameter A. Suppose ¢ € W,5(U), 1 < p < o, s = 1. Then there
exists a polynomial s, € PP (see [14, p. 55]) such that R = ¢ — s, satisfies

| D2 R(¢, )] < KAs—e—oy—(2/) | @ lonuvs (10.1)

for 0 < oq + oy << 5 — 2/p, where K is a constant independent of U and of .
If1 < q < o, then
| Rllysy, < K4e—H@@=-@m) [ gy, (10.2)

for 0 <<j <<s — (2/p). Moreover, (10.2) also holds for j and q satisfying
s—Qp) <jand 1 <q <2p/[2—(s—j)pl.
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Proof. These results are essentially the theorem of Sobolev [14, p. 69].
For example, to prove (10.1), we have (assuming for the moment that
R e C¥(£2)) (see [14, p. 70]) that

§

DR D) = [[ b Y W B 3§D RGx, £ dx d,
p rEetates o

v, 8—v

where r = [(x — ¢)? + (&§ — ©)*]'/%, and w}1;%2 is an appropriate bounded
function. Then
| D2 R(t, )|

s 7. ~ ~(2- )p’ o
< swp (Wi Bx, B ([ e deds

(2,8)eU

(1/p") ‘
] " R ’S,P.U >

where (1/p) + (1/p") = 1. Now if U is contained in a sphere of diameter 4,
then

/e
(ff pm2mstogta)p’ dx da?)
U
27 a V%
< (J' ng' pl-e-stoytay)p” dp)
0 0

Y %
— s—ay—0,—(2/P)
(2—(2—S+a1+oc2)p') A= ’

With some effort it can be seen that | w, , (¢, 7, x, X)| < Con < oo for
all (¢, %), (x,%)eR? (with oy = oy = 0, Con = 1). This proves (10.1)
since | R |s.p.u = | @ |s,p,v - The proof of (10.2) is similar. |

In the next theorem we apply Lemma 10.1 to the set U,; defined in
Section 9. This is clearly a starlike region. Results similar to Lemma 10.1
(with indirect proofs) have been given for regions which are regular or
strongly Lipschitz, but without precise knowledge of the constants (see,
e.g., Jerome [11]; and references therein). We have followed Sobolev [14]
because we wanted precise knowledge of how the constants depend on the
region.

THEOREM 10.2. Let 1 <p < oo, d+d—2<s5—Q2/p), and s <.
Suppose fe€ W, XU,,). Then

N EE Lt mne) < Kpn 45T HEO=CID g1 e (10.3)

forl <g < o0if0<r+7<s—2/p),andforl <q<2p/[2—(s —r —F)p]
fs—2p<r++
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The constant K,,; depends on the same parameters as in Theorem 9.2,

Proof. We use Lemmas 8.2, 8.3, and 10.1 with R = f — g and ge P{®,
the polynomial in Lemma 10.1. Now || D™*R "L.,[Hm _~gql 1s bounded using

(10.1) or (10.2). For D""QR we use (8.13). Now for] +j < d-+d using
(10.1), we have

3 ] D131 R(Ly Zz’if)l s—i—f+2—(2/p)
| AR | = G—DTG— D! = < Con 4, L 50, U

Forj+j7j>d+ d, using Lemma 2.2 as in the proof of Lemma 9.1, we
can reduce the (,j) divided difference to a sum of (u, d + d — ) divided
differences with 1 < p <d,jand 1 <d-+d—pu—1 <J:

[T stot1 voves Tottus 3 Tainpd seees Titrrard—nl R |

Oii—1 77" OuOii5—1 °" O4d,d+d—u

Now the divided differences can again be estimated by (10.1), and the result
follows.

CoROLLARY 10.3. Suppose in Theorem 10.2 that we also have (9.8) and
r+7<s—1 and 2(r - 7) < v -+ 1. Suppose (9.11) and (9.12) hold with
w =min(J(v + 1)/2), v — 2F + 2) and & = min([(v + 1)/2], v — 2r + 2).
Then (10.3) holds with K, depending on k, m, #, r, 7, I, q, s and the constants
k%, prk in (9.11)-(9.12) and p}y , piks in (9.8) and (9.9).

Using Jensen’s inequality, we immediately obtain

TueoREM 104. Let 1 <p < 0, d+d—2 <s—1 <s— (2/p), and
s < L Suppose fe W,(£2). Then

—r—F+(2/9)—(2/p)
1EwsHLq(9) KA Ria=t [fls 2,02

forp <qg < o0if0<r+7<s— 2pyandforp < g <2p/[2 — (s — r — F)p]
if s — (2/p) < r+ 7. The constant K depends on the same parameters as
in Theorem 9.3.

The analog of Corollary 10.3 also holds for mesh independence in this
global estimate.
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